Transformation optics provides a geometry-based tool to create new components taking advantage of artificial metamaterials with optical properties that are not available in nature. Unfortunately, although guided electromagnetic waves are crucial for optical circuitry, transformation optics is not yet compatible with two-dimensional slab waveguides. Indeed, after determining the propagation of confined waves along the waveguide with a two-dimensional coordinate transformation, the conventional application of transformation optics results in metamaterials whose properties are insensitive to the coordinate perpendicular to the waveguide, leading to bulky, and therefore impractical, designs. In this contribution, we formulate an alternative framework that leads to feasible coordinate-based designs of two-dimensional waveguides. To this end, we characterize a guided transverse-magnetic light mode by relevant electromagnetic equations: a Helmholtz equation to account for wave propagation and a dispersion relation to impose a continuous light profile at the interface. By considering how two-dimensional conformal transformations transform these equations, we are able to materialize the coordinate-designed flows with a nonmagnetic metamaterial core of varying thickness, obtaining a twodimensional device. We numerically demonstrate the effectiveness and versatility of our equivalence relations with three crucial functionalities, a beam bender, a beam splitter and a conformal lens, on a qualitative and quantitative level, by respectively comparing the electromagnetic fields inside and the transmission of our two-dimensional metamaterial devices to that of their three-dimensional counterparts at telecom wavelengths. As a result, we envision that one coordinate-based multifunctional waveguide component may seamlessly split and bend light beams on the landscape of an optical chip.
INTRODUCTION
The development of structured artificial materials, e.g., metamaterials with subwavelength structures [1] [2] [3] , has opened up a wealth of optical properties that may now be used to overcome fundamental challenges in photonics. One of these challenges consists of the long-range manipulation of confined light flows along two-dimensional material systems. Such light flows are indispensable to applications in integrated optics, e.g., (bio-)sensing [4] [5] , optical circuitry [6] [7] , and alloptical device actuation [8] [9] . In particular, these applications benefit from the strong confinement of light, which is currently achieved either by making use of bandgap materials [10] [11] [12] or by coupling to plasmon polaritons on metaldielectric and graphene-dielectric interfaces [13] [14] . The latter metal-and graphene-dielectric interfaces long seemed to be preferred material platforms, especially due to their similarity to electronic circuits which allows them to be fabricated with existing lithography techniques. To manipulate confined light flows along the symmetry plane of a slab waveguide (a), we locally stretch the symmetry plane with a two-dimensional conformal coordinate transformation (b) so that light bends over 90 degrees as if it experiences a geometry g|| = γ(x,y) (c). The metamaterial implementation of the transformation makes sure that the dielectric flux through the symmetry plane is identical to that in the transformed waveguide with nontrivial geometry.
Given the diversity of all-dielectric metamaterials and their associated optical properties, we are in need for an effective design tool that relates the properties of artificial dielectric waveguides to a desired functionality. In this contribution, we discuss the design of metamaterial waveguides with an anisotropic metamaterial core of varying thickness based on twodimensional coordinate transformations of confined light flows [24] [25] . In particular, we provide two relations-a relation defining the dielectric properties of the core and a relation defining the thickness variation-that allow imposing particular light trajectories along the optical landscape of a dielectric waveguide with moderate confinement [24] .
The outline of this paper is as follows: In Sec. 2, we introduce concept of coordinate-based metamaterials according to the existing framework of transformation optics. In Sec. 3, we focus on the manipulation of guided modes propagating along the symmetry plane of a dielectric slab waveguide, consisting of a high-index core layer and low-index outer layers such as vacuum. We notice that the straightforward application of transformation optics with two-dimensional coordinate transformations on the waveguide symmetry plane leads to bulky and impractical designs, with metamaterial implementations both inside and outside of the core region. To avoid bulky designs, we derive specific equivalence relations for guided electromagnetic modes, based on the effect of a two-dimensional coordinate transformation on their characteristic equations. Our equivalence relations lead to feasible and low-loss metamaterial waveguide cores of varying thickness without need of metamaterial implementations in the outer layers. In Sec. 4, we demonstrate the flexibility and effectiveness of our equivalence relations with numerical simulations of three proof-of-principle devices: a beam bender, a beam splitter and a conformal lens.
COORDINATE-BASED MANIPULATION OF LIGHT
To impose desired confined light flows in free space, researchers often rely on the framework of transformation optics [26] [27] [28] [29] [30] . Transformation optics naturally extends the principle of Fermat, which relates the trajectories of light rays to variations in the dielectric properties of an optical system [31] . Essentially, transformation optics establishes an equivalence between the behavior of light rays in inhomogeneous and anisotropic electromagnetic media and the propagation of light through nontrivial space-times [32] [33] [34] . In general relativity light also propagates along trajectories corresponding to an extreme "optical path length", known as geodesics of a space-time geometry. Mathematically, the Maxwell equations on such a nontrivial space with geometry g ij are exactly imposed by a specific electromagnetic metamaterial if the material's electric (permittivity ) and magnetic (permeability ) material distributions satisfy analytical equivalence relations [26] ij ij ij gg   .
(1)
These relations [Eq. (1)] ensure that light propagates inside a transformation-optical metamaterial as if it were moving through the (nontrivial) space.
Because the geometrical tools of transformation optics naturally extend Fermat's principle beyond the ray approximation [35] , they allow exploring unexpected and exciting phenomena in anisotropic and inhomogeneous metamaterials. After impressive designs of invisibility cloaks [26] [27] [28] [29] [30] , the geometrical understanding of the interaction of light with metamaterials has not only improved our control on the flow of light [36] [37] , the emission of electromagnetic radiation [38] [39] , and our understanding of effective gauges [40] [41] , but also allows to study the behavior of light in space-times that are actual solutions of the Einstein equations, such as artificial black holes [42] [43] and the cosmological redshift [44] .
The geometry of the nontrivial space crucially determines the light flows and the associated functionality of the device. As shown in Fig. 1(a) -(c), one may apply a coordinate transformation to deform initially straight light flows until they conform to a desired set of light trajectories. Technically, the coordinate transformation transforms the trivial Euclidean geometry in a covariant way until it obtains a coordinate-induced geometry , which may be expressed in terms of the Jacobian Λ ′ = x ′ / x associated to the coordinate transformation from old (Euclidean) coordinates " to new coordinates [33] =
making use of the Einstein summation convention. The corresponding geodesics of the nontrivial geometry lead to desired light flows which materialize inside an optical device with impedance-matched metamaterials based on the equivalence relations [Eq. (1)].
TRANSFORMING GUIDED MODES
In principle, the framework of transformation optics should also apply to light along lower-dimensional systems. Indeed, the existing framework of transformation optics [Eq. (1)] has also been successfully applied to single metal-dielectric interfaces [45] [46] [47] [48] and graphene-dielectric interfaces [49] [50] . In case of metal-based surface plasmons, transformation optics has no need for adaptations because the energy of surface waves, which are confined to a metal-dielectric interface, mostly reside inside the dielectric at frequencies far from the surface plasmon resonance of the metal. As a result, one may apply the conventional framework of transformation optics only to the dielectric layer to impose coordinate-based surface waves along the interface.
The application of transformation optics to guided modes along a slab dielectric waveguide, however, leads to bulky and impractical designs. If we deform confined light flows along the symmetry plane of the waveguide with a two-dimensional coordinate transformation, e.g., a logarithmic map implementing a beam bend [37] as shown in Fig. 1(a)-(c) , the conventional equivalence relations of transformation optics [Eq. (1)] generate material distributions that are independent of the transverse coordinate. The resulting impedance-matched metamaterial implementations should, in principle, extend to infinity outside of the core layer, resulting in bulky and impractical designs. In this section, we analyze the effect of a two-dimensional coordinate transformation on the characteristic equations of a transverse-magnetic (TM) guided mode to come up with alternative and efficient equivalence relations, based upon the description of the guided mode in the reciprocal space [Fig 2(a)-(c) ].
As a start, we have a look at the characteristic equations of a guided mode along an ordinary slab waveguide. An incident transverse-magnetic guided mode of angular frequency [Fig 2(a) ] consists of a confined transverse profile that propagates along the symmetry plane with propagation constant β. The transverse profile is confined to the core layer and is both characterized by exponentially decaying tails outside of the core with extinction coefficient k 1 and by sinusoidal variations inside the core with standing wave number k 2 (Fig. 1g) .
The reciprocal space of the guided mode (β, k 1 , k 2 ) will help us to construct our equivalence relations (Fig. 2) . The characteristic equations of a guided mode, i.e., a Helmholtz wave equation and a dispersion relation, relate these components at a fixed frequency  . On the one hand, the Helmholtz equation of a guided TM-mode
imposes circular isofrequency contours inside the core and hyperbolic isofrequency contours outside of the core [ Fig. 2(a) ]. These contours are compatible for a range of propagation constants, within the green band. On the other hand, only one particular propagation constant β(ω), indicated by the green line in Fig. 2(a) , will sustain a continuous transverse Figure 2 . Our design uses a nonmagnetic uniaxial metamaterial waveguide of varying thickness to impose two-dimensional flows of light. We rely on the wave vector space of a guided mode to establish our equivalence relations., shown in (a) for a simple dielectric waveguide. (b) As a consequence of the in-plane transformation, the vector space of the incident guided mode with propagation constant β (green) is stretched in the symmetry plane. The wave vectors lie respectively on elliptical (hyperbolic) isofrequency contours of the wave equation in blue (red) inside the core (outer) region. According to the traditional recipe of transformation optics, the exponential tails (k1) and thickness a are preserved because metamaterials are implemented in the core and outer layers. (c) To preserve confinement and to impose a globally stretched propagation vector without metamaterials in the outer layers, a thickness variation ã ensures the continuity conditions at the interfaces at the expense of changes in the exponential tails (k1).
profile at the interfaces. The continuous profile on a waveguide of thickness 2a is imposed by the dispersion relation of the TM-mode :
Now, we consider how the Helmholtz equation and the dispersion equation change due to a two-dimensional conformal transformation on the symmetry plane of the slab waveguide. A conformal transformation locally rescales all in-plane vectors with a stretching X and rotates them without changing their relative angles [15, 51] . Equation (2) readily extracts the induced geometry, which is isotropic in the waveguide plane g || = γ(x,y) δ ij and trivial perpendicular to it ⊥ = 1. In Ref. [49] , we impose the in-plane propagation with a metamaterial inside the core layer that reproduces the Helmholtz equation of the induced geometry, i.e., a unidirectional nonmagnetic core whose anisotropy is proportional to the induced geometry
As a consequence, the sinusoidal variations inside the core are preserved.
We have obtained the metamaterial implementation [Eq. (5)] in a mathematically rigorous way through a mapping of the covariantly transformed wave equation with γ( , ) to the wave-equation with arbitrary anisotropic dielectrics. In this contribution, however, we motivate the required material implementation for a guided TM-mode in an intuitive way. Since the metamaterial reproduces the behavior of the guided mode in the transformed space, it should in particular impose the same electromagnetic fields and fluxes. For example, the dielectric flux perpendicular to the symmetry plane contains the transformed electric field ̃ and a deformed surface element dx dy,
To impose the same flux with a material instead of a geometry, one should account for the change in volume element. This is easily done by making the material anisotropic as in Eq. (5) [Figs. 1(c) and 2(c)]. Notice that, because we consider a transverse-magnetic mode, the magnetic flux is automatically preserved and requires no material implementation. Similarly, the in-plane dielectric components do not require any changes. We emphasize that our material implementation inside the core [Eq. (5)], which is based on the Helmholtz wave equation, is different from the straightforward application of transformation optics [Eq. (1)]. Our metamaterial is nonmagnetic and is not implemented outside of the waveguide core. Therefore, similar to the straightforward application of transformation optics, we exactly preserve the transverse wavevector k 2 and stretch the in-plane propagation β = β. In contrast, we do not implement a metamaterial in the outer layers. Therefore, the Helmholtz equation will change the extinction coefficient k 1 2 = γ( , y)β 2 − ϵ ω 2 / 2 . To make sure that the profile is continuous at the interfaces, i.e., that the transverse profile
propagates with a transformed propagation constant β = √γ( , y)β ≈ X β at the incident frequency ω, we need to impose a geometry-dependent thickness variation
This thickness variation compensates for the lack of metamaterials outside of the waveguide. Our alternative equivalence relations [Eqs. (5)- (6)] lead to nonmagnetic metamaterial cores of varying thickness without need for metamaterial implementations in the outer layers.
NONMAGNETIC METAMATERIAL WAVEGUIDE DEVICES
We will present numerical simulations of three proof-of-principle devices, a beam bender based on a logarithmic map [37] , a beam splitter based on a Schwarz-Christoffel transformation [51] and a conformal lens based on a Möbius transformation [37] , to demonstrate the versatility and effectiveness of our equivalence relations. Figure 3 visualizes the symmetric thickness variation (the floating surface represents the thickness variation of the upper interface) and the anisotropy of the uniaxial metamaterial inside the core (color online on symmetry plane) for each waveguide component. The required metamaterial distributions and thickness variations are feasible and can be fabricated by 3D printing (direct laser writing) or other lithographic techniques [20] [21] [22] [23] . Qualitatively, we observe that the in-plane magnetic fields in Figs. 3(b) , 3(e), and 3(g), bend, split and focus in a very efficient way. Inner radius (pm) Figure 4 . The throughput of our beam bender is evaluated for seven outer radii R at fixed beam width w. Increases in anisotropy are represented by the benchmark w/R, as a way to demonstrate the effectiveness of our equivalence relations (purple dots) compared to the conventional design of transformation optics (red dots) and an isotropic implementation with appropriate thickness variation (blue dots).
The throughputs of our two-dimensional metamaterial cores are impressive, lying close to those of the three-dimensional implementation while isotropic metamaterial cores cannot maintain their performance as inner radii approach the free space wavelength λ = 1.5µm. Mesh convergence studies resulted in negligible error bars.
To quantitatively compare the performance of our two-dimensional designs to the bulky implementations of transformation optics, we performed several numerical simulations of beam bends with decreasing inner radius R while preserving the incident beam width w. As shown in Fig. 4 , the throughput of our two-dimensional bends (from 84% to 93%) is highly comparable to the three-dimensional implementations (from 86% to 95%), even close to the subwavelength regime. In contrast, an isotropic metamaterial core supplemented by the required thickness variation cannot maintain high throughputs for small bending radii. Besides the anisotropy of metamaterial cores, the thickness variation is another crucial ingredient of the equivalence relations without which guided waves cannot complete the bend [ Fig. 3(c) ].
CONCLUSION
In summary, we have developed two-dimensional equivalence relations that allow for designing thin, nonmagnetic metamaterial waveguides of varying thickness. In this way, we present a versatile platform for controlled propagation of confined light using metamaterials with a pure dielectric response. Apart from the successful implementation of proof-ofprinciple optical components, e.g., beam benders, beam splitters and conformal lenses, our work introduces a novel paradigm towards holistic manipulation of guided modes: using metamaterial waveguides one may seamlessly split, bend and focus light in an integrated setup with minimized insertion loss [24] [25] .
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